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The positivity constraints to the structure functions for the inclusive spin-half
baryon production by a time-like photon fragmentation are investigated. One con-
clusion is that Fˆ , which arises from the hadronic final-state interactions, is subjected
to an inequality between its absolute value and the two spin-independent structure
functions. On the basis of this finding, we derive a formula through which the upper
limits can be given for the transverse polarization of the inclusively detected spin-
half baryons in unpolarized electron-positron annihilation. The derived upper bound
supplies a consistency check for the judgement of reliability of experimental data and
model calculations.
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Since the Fermilab’s pioneering discovery [1] of a large transverse polarization of the
inclusively detected Λ hyperons, it has been a challenge for the particle physics commu-
nity to understand such an observation. Recently, one of the authors pointed out [2] that
there exists the possibility to approach alternatively transverse polarization phenomena in
unpolarized electron-positron annihilation. The basic point is that, due to the final-state in-
teractions, the decomposition of the time-like photon fragmentation tensor for the inclusive
spin-half particle production contains a component that is odd under the naive time-reversal
transformation. The corresponding structure function Fˆ is directly related to the transverse
polarization of the inclusively detected spin-half baryon in unpolarized electron-positron an-
nihilation. Since Fˆ is an experimentally accessible quantity, it is desirable to learn more
about it before the relevant experiments come true. Towards this direction, Lu, Li and Hu [3]
worked out a factorized expression of Fˆ in terms of the quark→baryon fragmentation matrix
elements. However, such an approach cannot provide us with any quantitative information
about Fˆ .
Transverse polarization of the inclusively detected baryons is essentially a one-power
suppressed, namely, twist-three effects [4]. Generally, one believes that it comes about at
lower energy regions and has no observable effects at high momentum transfers. However,
ALEPH Collaboration [5] measured unexpectedly a few percent of transverse component
of the polarization of the inclusively detected Λ hyperons at the Z resonance. This fact
stimulates us to expect a sizable transverse polarization of the inclusively detected spin-
half baryons at lower c.m. energies of unpolarized electron-positron annihilation. The
corresponding experiments seem to be beyond reach at present experimental facilities due to
low statistics but can be expected at future high-luminosity and moderate-energy electron-
positron colliders such as Beauty and Tau-Charm Factories. Therefore, it is desirable to
learn more systematics about this transverse polarization phenomena before the relevant
experiments come true.
In this paper, we present a positivity analysis of the hadronic tensor for the inclusive
spin-half baryon production by a time-like photon, with a result that the upper limit is
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given for the considered transverse polarization. Since the transverse polarization of the
inclusive baryons is a twist-three effect, we work at the moderate c.m. energies, far bellow
the Z resonance. Thus, the one-photon annihilation approximation is well applicable, and
the corresponding hadronic tensor is also termed the photon fragmentation tensor.
Under the one-photon approximation, the inclusive single-particle annihilation can be
naively taken as the crossed process of the deeply inelastic scattering. Concerning the
latter, Doncel and de Rafael [6] derived early in 1970’s a series of useful inequalities among
its structure functions. However, the kinematics of the former is quite different from that of
the latter. Furthermore, there exist strong final-state interactions in the inclusively detected
hadronic final state, which cause one more structure function [2]. Hence, it will be necessary
to perform a positivity analysis on the hadronic tensor for the inclusive spin-half baryon
annihilation, with the polarization of the inclusive spin-half baryon monitored. Obviously,
our results will be applicable to the inclusive single-pseudoscalar-meson annihilation.
What we will consider is
e− + e+ → γ∗(q)→ B(k, s) +X, (1)
where q and k are the momenta of the corresponding particles and s is the spin four-vector of
the inclusively detected spin-half baryon. For a pure state of the inclusive spin-half baryon,
we take the normalization
〈k, s|k′, s′〉 = (2pi)32Eδ3(k− k′)δss′ with s · s = −1. (2)
As usual, the photon fragmentation tensor is defined as
W˜µν(k, q, s) =
1
4pi
∑
X
∫
d4x exp(iq · x)〈0|jµ(0)|B(k, s), X〉〈B(k, s), X|jν(x)|0〉, (3)
where jµ =
∑
f ef ψ¯fγ
µψf is the electromagnetic current, with f being the quark flavor index
and ef being the quark charge in unit of the electron charge. From the general symme-
try analysis, W˜µν(q, k, s) can be expressed in terms of experimentally measurable structure
functions. Due to the final-state interactions in the inclusively detected out state, there
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exists one more structure function in the general Lorentz expansion of W˜µν(q, k, s) in com-
parison to its deep inelastic scattering counterpart. Subjected to all symmetry constraints,
W˜µν(q, k, s) takes the following Lorentz decomposition [2]
W˜µν(k, q, s) =
1
2
[
(−gµν + qµqν
Q2
)F˜1(ν,Q) + (kµ − ν
Q2
qµ)(kν − ν
Q2
qν)
F˜2(ν,Q)
ν
]
+iMεµναβq
αsβ
g˜1(ν,Q)
ν
+ iMεµναβq
α(sβ − s · q
ν
kβ)
g˜2(ν,Q)
ν
+M
[
(kµ − ν
Q2
qµ)εναβγk
αqβsγ + (kν − ν
Q2
qν)εµαβγk
αqβsγ
]
Fˆ (ν,Q)
ν2
, (4)
where k ·q = ν, Q = √q2, andM is the mass of the inclusive baryon. The structure function
Fˆ , which has no counterpart in the deeply inelastic scattering case, arises from the final-state
interaction, so it is not forbidden by the time reversal invariance.
Our basic starting point is the Hermiticity of the electromagnetic current. For an arbi-
trary Lorentz vector aµ, one can show
W˜µν(q, k, s)a
∗µaν =
1
4pi
∑
X
(2pi)4δ4(q − k − kX)|〈B(k, s), X|a · j|0〉|2, (5)
so W˜µν(q, k, s) is semi-positive definite:
W˜µν(q, k, s)a
∗µaν ≥ 0. (6)
Before addressing the general constraints of the positivity on the structure functions, we
first discuss several special cases by specifying a to be the photon polarization vectors ei and
letting the inclusive spin-half baryon be in its specific spin state. For this purpose, we work
in the c.m. frame, choosing the xˆ-zˆ plane in the production plane with the zˆ axis along the
outgoing direction of the inclusive particle. Then, we introduce three polarization vectors
for the virtual photon:
e
µ
1 = −
1√
2
(0, 1,+i, 0), eµ2 = +
1√
2
(0, 1,−i, 0), eµ3 = (0, 0, 0, 1). (7)
Notice that all three polarization vectors are orthnormal, namely,
e∗i · ej = −δij . (8)
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In addition, they satisfy the Lorentz condition
ei · q = 0, i = 1, 2, 3. (9)
Now we consider the case in which the inclusive spin-half baryon is polarized along its
momentum direction. From (6), it is easy to derive
1
2
F˜1 − g˜1 − M
2Q2
ν2
g˜2 ≥ 0, (10)
1
2
F˜1 + g˜1 +
M2Q2
ν2
g˜2 ≥ 0, (11)
and
F˜1 +
ξ2
νQ2
F˜2 ≥ 0, with ξ =
√
ν2 −M2Q2. (12)
These inequalities correspond to a = ei, i = 1, 2, 3, respectively.
Adding (10) to (11), it results in
F˜1 ≥ 0. (13)
On the other hand, (10) to (11) can be synthesized into a more compact form:
1
2
F˜1 ≥ |g˜1 + M
2Q2
ν2
g˜2|. (14)
Here we note in passing that (12), (13), and (14) have their counterparts [6] in the deeply
inelastic scattering, up to the kinematical differences.
By choosing the inclusive spin-half baryon to be longitudinally polarized, we have not
found any inequality concerning Fˆ from the above discussion. To understand such a fact,
we need only to remind that Fˆ is related to the transverse polarization of the inclusive spin-
half baryon. So, we are encouraged to consider the case in which the spin of the inclusive
spin-half baryon is aligned along the yˆ axis, i. e., parallel to the normal of the production
plane. However, the result is again discouraging. What is worse, in this case we cannot
obtain (10) and (11), whereas (12) and (13) are reproduced.
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At this stage, we can conclude that the positivity constraints obtained by considering
some specific spin states of the inclusive spin-half particles, albeit correct, are incomplete.
The underlying reason is that all the above inequalities being the direct consequences of (6),
are only the necessary conditions for the positivity of the hadronic tensor. However, they
are not the sufficient conditions.
In the following, we will present a complete analysis of the sufficient conditions on the
basis of the spin density matrix description. In general, the cross section for the process
considered can be expressed as
dσ
dEd cos θ
=
4piα2
Q5
LµνW˜
µν
λλ′ρλ′λ, (15)
where ρλ′λ is the spin density matrix of the inclusive spin-half baryon, and W˜
µν
λλ′(q, k) is the
hadronic tensor defined as
W˜
µν
λλ′(k, q) =
1
4pi
∑
X
∫
d4x exp(iq · x)〈0|jµ(0)|B(k, λ), X〉〈B(k, λ′), X|jν(x)|0〉. (16)
In terms of W˜ µνλλ′(q, k), the positivity condition can be written as
∑
λλ′
W˜
µν
λλ′(q, k)AµλA
∗
νλ′ ≥ 0, (17)
where Aµλ can be any complex vector in the eight-dimensional space spanned by the Lorentz
indices µ = 0, 1, 2, 3 and spin indices λ = +1
2
,−1
2
.
Considering that the spin vector satisfies s · k=0, we introduce the following three or-
thonormal four-vectors:
uµ = (0,−1, 0, 0), vµ = (0, 0,+1, 0), wµ = 1
MQ
(ξ, 0, 0, ν). (18)
Obviously, these four-vectors are orthogonal to k, the momentum of the inclusive particle.
Using u, v and w, we can most generally express W˜ µνλλ′(q, k) as
W˜µν,λλ′(k, q) =
1
2
δλλ′
[
(−gµν + qµqν
Q2
)F˜1(ν,Q) + (kµ − ν
Q2
qµ)(kν − ν
Q2
qν)
F˜2(ν,Q)
ν
]
+ (uρ(τ1)λλ′ + v
ρ(τ2)λλ′ + w
ρ(τ3)λλ′)
{
iM
ν
εµναρq
α(g˜1(ν,Q) + g˜2(ν,Q))
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+
M
ν2
[
(kµ − ν
Q2
qµ)εναβρk
αqβ + (kν − ν
Q2
qν)εµαβρk
αqβ
]
Fˆ (ν,Q)
}
−iM
ν2
εµναβq
αkβqρ (u
ρ(τ1)λλ′ + v
ρ(τ2)λλ′ + w
ρ(τ3)λλ′) g˜2(ν,Q), (19)
where τ1,2,3 are the Pauli matrices.
Notice that W˜µν,λλ′(q, k) is an eight-dimensional matrix and we can simply put it into
the form
W˜µν(ν,Q
2)λ,λ′ =

 W˜µν(ν,Q
2)+ 1
2
,+ 1
2
W˜µν(ν,Q
2)+ 1
2
,− 1
2
W˜µν(ν,Q
2)− 1
2
,+ 1
2
W˜µν(ν,Q
2)− 1
2
,− 1
2

 . (20)
In our kinematics, the four submatrices reads
W˜µν(ν,Q
2)± 1
2
,± 1
2
=


0 0 0 0
0 1
2
F˜1 ±iA 0
0 ∓iA 1
2
F˜1 0
0 0 0 1
2
F˜1 +
ξ2
2νQ2
F˜2


, (21)
and
W˜µν(ν,Q
2)± 1
2
,∓ 1
2
=


0 0 0 0
0 0 0 ∓iB∗
0 0 0 B∗
0 ∓iB B 0


, (22)
where
A = g˜1 +
M2Q2
ν2
g˜2, (23)
B =
iMQ
ν
(g˜1 + g˜2) +
Mξ2
Qν2
Fˆ . (24)
Obviously, W˜µν(ν,Q
2)λ,λ′ satisfies the following Hermiticity relation:
[W˜µν(ν,Q
2)λ,λ′]
∗ = W˜νµ(ν,Q
2)λ′,λ. (25)
7
Owing to the current conservation condition, each submatrix at fixed λ and λ′ is at most of
rank three, which can be easily seen in Eqs. (21) and (22) by eliminating the first column
and first row entries. After doing so, we are left with four 3× 3 submatrices.
Notice that the necessary and sufficient conditions for a matrix to be semi-positive finite
are that all its submatrices have a semi-positive determinant [7]. Exhausting all the possi-
bilities for W˜µν(k, q)λλ′, one can gain directly the restrictions stated by (10), (11) and (12).
Furthermore, there exists the following inequality
M2Q2
ν2
(g˜1 + g˜2)
2 +
M2ξ4
Q2ν4
Fˆ 2 ≤ 1
4
F˜1(F˜1 +
ξ2
νQ2
F˜2). (26)
Nevertheless, there is no further restrictions. From (26), one can deduce the following two
inequalities:
|g˜1 + g˜2| ≤ ν
2MQ
√
F˜1(F˜1 +
ξ2
νQ2
F˜2), (27)
|Fˆ | ≤ Qν
2
2Mξ2
√
F˜1(F˜1 +
ξ2
νQ2
F˜2). (28)
Therefore, the complete positivity constraints on the inclusive spin-half baryon annihilation
include (12), (13), (14), (27) and (28).
Since Fˆ is related directly to the transverse polarization of the inclusive spin-half baryon,
from (28) we can obtain some upper limits for the absolute of the transverse polarization.
In doing so, we need to make use of the following Callan-Gross relation:
F˜1 +
E
Q
F˜2 = 0, (29)
which can be justified [8] both in the quark-parton model and at the leading-twist factor-
ization. The modifications to Eq. (29) come about at twist four. Since the transverse
polarization is at twist three, we can safely employ Eq. (29) in the present work.
Experimentally, one measures the energy E of the inclusive particle and its outgoing
angle θ with respect to the beam direction. In terms of these variables, the transverse
polarization can be put into [2]
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P (Q,E, θ) =
4M(E2 −M2) sin θ cos θFˆ
E
[
2EQF˜1 + (E2 −M2) sin2 θF˜2
] . (30)
Substituting (28) into (30) and utilizing (29), one has
|P (Q,E, θ)| ≤
∣∣∣∣∣ 4ME sin θ cos θE2(1 + cos2 θ) +M2 sin2 θ
∣∣∣∣∣ , (31)
from which the upper limits can be given of the transverse polarization. It should be noted
that one cannot determine the sign of transverse polarization from the positivity condition
of the photon fragmentation tensor.
The implications of the derived positivity restrictions are two-fold. On the one hand,
they can exclude some kinematical regions in which to observe large transverse polarization.
On the other hand, they supply us an important benchmark to judge the reasonability
and reliability of the experimental data on transverse polarization, especially when there
exist large statistical errors. To acquire a quantitative sense, let us consider the inclusive
Λ hyperon production at the future Tau-Charm factories [9]. Supposing such a machine is
operated at a c.m. energy of
√
s = 4.25 GeV, the maximum energy of the Λ particle will
be Emax =
1
2
√
s− 4M2Λ = 1.81 GeV, which corresponds to the Λ¯Λ pair production. After a
little algebra, one can know that the most optimal upper bound for |P | is 37% as θ ≈ 50◦.
In summary, we examined the positivity constraints to the structure functions for the
inclusive spin-half baryon production by a time-like photon fragmentation. We found that
the absolute value |Fˆ | of the final-state-interaction-caused structure function is smaller than
a combination of F˜1 and F˜2, two spin-independent structure functions. As s result, we deduce
an upper limit for the transverse polarization of the inclusively detected spin- half baryons
in unpolarized electron-positron annihilation, which can serve as a consistency check of the
reliability of experimentally data and model calculations in the future.
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